Abstract. In this paper we study the relation between the existence of a conformal measure on the Julia set J(f ) of a transcendental meromorphic map f and the existence of zero of the topological pressure function t → P (f, t) for the map f . In particular, we show that if f is hyperbolic and there exists a t-conformal measure which is not totally supported on the set of escaping points, then P (f, t) = 0. On the other hand, for a wide class of maps f , including arbitrary maps with at most finitely many poles and finite set of singular values and hyperbolic maps with at most finitely many poles and bounded set of singular values, if P (f, t) = 0, we construct a t-conformal measure on J(f ). This partially answers a question of R. D. Mauldin.
Introduction
Let f : C → C be a transcendental meromorphic function. We denote by f n = f • · · · • f the n-th iterate of f . The Fatou set F (f ) consists of all points z ∈ C for which there exists a neighbourhood U of z such that the family of iterates {f n | U } n>0 is defined and normal. The complement C \ F (f ) is called the Julia set and is denoted by J(f ). Note that some authors define J(f ) as C \ F (f ), so that it always contains the point at infinity. In this paper we adopt the convention ∞ / ∈ J(f ). Intuitively, the Julia set carries the chaotic part of the dynamics of f . See e.g. [Ber93] for a detailed presentation of the theory of iteration of transcendental meromorphic maps.
In this paper we investigate ergodic properties of the dynamics of transcendental maps, using the tools of thermodynamic formalism, developed by D. Ruelle, R. Bowen and P. Walters in the 1970's and applied successfully to the study of the dynamics of rational maps on the Riemann sphere (see [Rue78, PU10] and the references therein). An important result in this area is the celebrated Bowen's formula, which states that the Hausdorff dimension of the Julia set J(f ) of a hyperbolic rational map f is equal to the unique zero of the topological pressure function
(1) t → P (f, t) = lim n→∞ 1 n ln
for z 0 ∈ J(f ) (see [Bow79] ). Recall that a rational map f is hyperbolic, if the closure in C of the union of forward trajectories of all critical values of f is disjoint from J(f ).
The attempts to generalise the theory of thermodynamic formalism to the case of transcendental meromorphic maps started in the 1990's (see [Bar95, MU96] ) and progressed in the subsequent years (see e.g. [KU02, UZ03, KU04, UZ04, KU05, KU06, CS07, UZ07, MU08, BKZ09, BKZ12] and surveys [KU08, MU10] ).
In [UZ03, UZ04] , M. Urbański and A. Zdunik established the thermodynamic formalism theory for hyperbolic exponential maps of the form z → λe z , λ ∈ C \ {0}. Recall that for the transcendental case, in the definition of a hyperbolic map f one requires that the closure of the union of forward trajectories of all singular (critical and asymptotic) values of f is bounded and disjoint from the Julia set (see Definition 2.1). In the above two papers the authors discovered a crucial role of the radial Julia set J r (f ) (see Definition 2.3) in the study of the ergodic properties of transcendental maps. In particular, it turned out that the Bowen formula holds for a large class of transcendental maps in a modified form: the zero of the pressure function is equal to the Hausdorff dimension of the radial Julia set. As shown in [Rem09] , the dimension of the radial Julia set coincides with the hyperbolic dimension of J(f ). Contrary to the case of rational dynamics, the radial Julia set of a transcendental map is often essentially smaller (in the sense of dimension) than the whole Julia set, even in the hyperbolic case. For instance, the Julia set of an arbitrary exponential map has Hausdorff dimension 2 (see [McM87] ), while the Hausdorff dimension of the radial Julia set for a hyperbolic exponential map is greater than 1 and smaller than 2 (see [UZ03, UZ04] ). The fact that the Hausdorff dimension of J r (f ) is greater than 1 was generalised in [BKZ09] to the case of transcendental meromorphic maps with logarithmic tracts over ∞ (in particular, for maps with a bounded set of singular values (class B), which are entire or meromorphic with a finite number of poles). See Definition 2.8 for a precise definition of a logarithmic tract.
In [Bar95, KU02, KU04, KU05, CS07], elements of the thermodynamic formalism theory were established for other families of hyperbolic transcendental maps, both entire and meromorphic, including the sine and tangent family. The most general approach was presented in [MU08, MU10] , where V. Mayer and M. Urbański developed the thermodynamical formalism theory for hyperbolic transcendental meromorphic maps of finite order with the so-called balanced derivative growth condition, which relates the growth of the derivative of the function (when its argument tends to infinity) with the growth of the function itself. This class includes many families of maps of the form P (e Q ), where P, Q are polynomials or rational functions.
Note that the pressure function defined in (1) with the derivative of f in the standard (Euclidean) metric is usually not suitable for transcendental case, since it can be infinite for all values of t. To overcome this difficulty, one considers derivative in some other conformal metric on C. For instance, in [MU08, MU10] , this metric has the form dρ = dz 1+|z| β for suitable β ∈ R.
In the previous paper [BKZ12] the authors presented a general version of Bowen's formula in the context of transcendental dynamics, which holds for all transcendental meromorphic maps with a finite set of singular values (class S) and a large class of hyperbolic and non-hyperbolic maps from class B. The formula asserts that the Hausdorff dimension of the radial Julia set of a map f is equal to a number t 0 , which the infimum of the values t > 0 for which P (f, t) is non-positive, where P (f, t) is the pressure function defined in (1), with the derivative of f taken in the spherical metric ds = 2dz 1+|z| 2 . See Definition 2.12 and Theorem 2.13 for a precise formulation of the result. Note that similar results were obtained previously by F. Przytycki, J. Rivera-Letelier and S. Smirnov [Prz99, PRLS04] for arbitrary rational maps.
In the present paper, we consider another element of the thermodynamic formalism theory in the general setup of transcendental maps, investigating the question of the existence of a t-conformal measure, i.e. a Borel probability measure ν on the Julia set J(f ) such that
for every Borel set A ⊂ C on which f is injective (see Definition 2.4). This notion, introduced by S. In the context of the dynamics of rational maps, it is known that the Julia set of a rational map always admits a t-conformal measure for a suitable t > 0, and the minimal exponent t for which such a measure exists is equal to the Hausdorff dimension of the radial Julia set (see e.g. [Prz99] ).
In the case of transcendental maps the question of the existence of a t-conformal measure, where t is the Hausdorff dimension of the radial Julia set, has been proved for several specific families of maps, e.g. for the maps considered in [UZ07, MU08] . However, the general question on the existence of such a conformal measure has been open.
Seeking an analogy between transcendental dynamics and the theory of infinite conformal iterated function systems (CIFS), developed by R. D. Mauldin and M. Urbański, recall that a conformal iterated function system is called regular, if it admits a conformal measure on its limit set. In [MU96, Theorem 3.5 and Lemma 3.13] it was proved that a CIFS is regular if and only if there exists t > 0 such that P (t) = 0 where P (t) is the topological pressure function defined for this system. In view of this, R. D. Mauldin (in a private communication) asked the following question.
Question. Let f : C → C be a meromorphic transcendental function for which the pressure function P (f, t) (with the derivative in the spherical metric) can be defined. Is the existence of a value t > 0 such that P (f, t) = 0 equivalent to the existence of a t-conformal measure on J(f )?
Note that, in general, we do not know in which cases we have P (f, t 0 ) = 0 for t 0 defined above (although P (f, t) is continuous and convex when it is finite, it could have a 'jump' from the infinite value at t = t 0 ). It is known that P (f, t 0 ) = 0 for many functions f , including functions considered in [MU08, MU10] , but it is an open question whether the opposite case can actually appear (cf. Proposition 3.6).
In this paper we partially answer Mauldin's question. From now on, let
for t > 0, where
is the spherical derivative of f , i.e. the derivative with respect to the spherical metric defined by ds = 2 dz 1 + |z| 2 . Note that for the maps under consideration, the value of the pressure function P (f, t, z 0 ) does not depend on z 0 ∈ C up to a set of Hausdorff dimension 0 (see Theorem 2.13). The t-conformal measures m t we consider are also taken with respect to the spherical metric, i.e. they satisfy
for every Borel set A ⊂ C on which f is injective. We use the notion on the escaping set of f defined as
The first result we prove is the following.
Theorem A. If a hyperbolic meromorphic map f : C → C admits a t-conformal measure m t for some t > 0, with respect to the spherical metric, then
The case m t (J(f ) \ I(f )) = 0 can actually occur, as shown in the following example.
Example 1.1. For f (z) = λ sin z, λ ∈ C \ {0}. Then I(f ) has positive 2-dimensional Lebesgue measure (see [McM87] ) and the normalized 2-dimensional spherical Lebesgue measure on I(f ) is 2-conformal. Moreover, if additionally, f is hyperbolic, then P (f, 2) < 0 (see [CS07, MU08] ).
Denote by Sing(f ) the set of all finite singular (critical and asymptotic) values of f and let
where we neglect terms which are not defined.
Recall that we consider two classes of transcendental meromorphic functions:
We will call a meromorphic map f exceptional, if there exists a (Picard) exceptional value a of f , such that a ∈ J(f ) and f has a non-logarithmic singularity over a.
Theorem A is an immediate corollary from the following more general result.
Theorem B. Let f : C → C be a meromorphic map. Suppose that there exists a tconformal measure m t on J(f ), with respect to the spherical metric, for some t > 0. Then the following hold.
(a) If f ∈ S, then:
• P (f, t) ≤ 0 or there exists a set E ⊂ P(f ) of Hausdorff dimension 0, such that m t (E) = 1,
The next result we prove in this paper is the following (see Definition 2.8 for the definition of the logarithmic tract).
Theorem C. Let f : C → C be a meromorphic map from class S with a logarithmic tract over ∞ or a non-exceptional map from class B with a logarithmic tract over ∞, such that J(f ) \ P(f ) = ∅ (e.g. a hyperbolic map f , which is entire or has a finite number of poles). If P (f, t) = 0 for some t > 0, then there exists a t-conformal measure m t with respect to the spherical metric. Moreover,
where D(r) = {z ∈ C : |z| < r}.
Remark 1.2. In fact, the proof gives
Remark 1.3. Theorems A and B contribute to answer the R. D. Mauldin question in both directions. A main problem which remains to be determined, is under which condition the measure m t constructed in Theorem C satisfies m t (J(f ) \ I(f )) = 0.
Preliminaries
Notation. In all definitions and formulations of results we assume that f is a transcendental meromorphic function on the complex plane. By a conformal metric we mean a Riemannian metric on C of the form
where dz is the standard (Euclidean) metric and ρ is a continuous positive function on C.
The derivative of a map f with respect to the metric dρ is equal to
where f ′ is the standard derivative. In particular, we consider the spherical metric defined by ds = 2 dz 1 + |z| 2 and the spherical derivative
The spherical distance in C (defined by the spherical metric) will be denoted by dist sph .
By D(z, r) (resp. D(z, r)) we denote the disc centred at z ∈ C (resp. z ∈ C) of radius r > 0 with respect to the Euclidean (resp. spherical) metric. For simplicity, we write D(r) for D(0, r).
Definition 2.1. We write Sing(f ) for the singular set of f , which consists of all finite singular (critical and asymptotic) values of f and define the post-singular set by
where we neglect terms which are not defined. We say that f is hyperbolic, if P(f ) is bounded and disjoint from the Julia set of f . We set S = {f : Sing(f ) is finite}, B = {f : Sing(f ) is bounded}.
Note that hyperbolic maps are in the class B.
Definition 2.2. We call f exceptional, if there exists a (Picard) exceptional value a of f , such that a ∈ J(f ) and f has a non-logarithmic singularity over a.
Radial Julia sets and conformal measures.
Definition 2.3. The radial Julia set J r (f ) is the set of points z ∈ J(f ) for which all iterates f n (z) are defined and there exist r = r(z) > 0 and a sequence n k → ∞, such that a holomorphic branch of f −n k sending f n k (z) to z is well-defined on D(f n k (z), r). We denote by I(f ) the escaping set of f , i.e.
We consider conformal measures with respect to some conformal metrics on C.
Definition 2.4. Let f : C → C be a meromorphic map. We say that a Borel probability measure ν on the Julia set J(f ) is t-conformal for some t > 0 with respect to a conformal metric dρ = ρdz, if
for every Borel set A ⊂ C on which the map f is injective.
The notion of t-conformality is in a sense independent of the chosen metric, as shown in the following proposition.
Proposition 2.5. Let ν be a t-conformal measure with respect to a conformal metric dρ 1 and let dρ 2 = ρ 2 dz be another conformal metric, such that M = η dν < ∞ for
is t-conformal with respect to the metric dρ 2 .
Proof. By (2),
Take a Borel set A ⊂ C on which the map f is injective. Using the t-conformality of ν and (4), we obtain,
Remark 2.6. Note that in Proposition 2.5, if η dν = ∞, then the measure dµ = η dν satisfies (3) but is infinite.
As noted in the introduction, in this paper we consider t-conformal measures taken with respect to the spherical metric.
Distortion estimates. We use the following spherical version of the classical Koebe Distortion Theorem, see, e.g. [BKZ12] for its detailed proof.
Theorem 2.7 (Spherical Distortion Koebe Theorem). Let 0 < r 1 , r 2 < diam sph C. Then there exists a constant c > 0 depending only on r 1 , r 2 , such that for every spherical disc D = D(z 0 , r) and every univalent holomorphic map g :
We recall the notion of a logarithmic tract, and formulate some distortion estimates which will be used in subsequent sections.
Definition 2.8. Let U ⊂ C is an unbounded simply connected domain, such that the boundary of U in C is a smooth open simple arc and let R > 0. If f : U → C is a continuous map, holomorphic on U, such that |f (z)| = R for every z in the boundary of U and f on U is a universal covering of {z ∈ C : |z| > R}, then we call U a logarithmic tract of f over ∞.
Remark 2.9. If a map f ∈ B is entire or if it has a finite number of poles, then every component of f −1 (V ), where V = {z ∈ C : |z| > R} for sufficiently large R, is a logarithmic tract of f over ∞.
We shall make use of the following facts (see [Sta99, BKZ12] 
for some extension of the branch g to a neighbourhood of z 2 (or z 1 ).
Lemma 2.11 ([BKZ12, Corollary 3.9]). Let R, L > 1. Then there exists a constant c > 0 depending only on R, L, such that for every logarithmic tract U ⊂ C of f : U → V over ∞, where V = {z ∈ C : |z| > R} and 0 / ∈ U, for every z 1 , z 2 ∈ V with |z 1 | ≥ |z 2 | ≥ LR and every branch g of f −1 in a neighbourhood of one of the points z 1 , z 2 , we have
for some extension of the branch g.
Pressure for transcendental maps.
Definition 2.12. The topological pressure function with respect to the spherical metric is defined as
for z 0 ∈ C and t > 0, assuming that the limit exists (possibly infinite).
We use the following crucial result, proved in [BKZ12] , establishing the existence of the pressure function and Bowen's formula for transcendental meromorphic maps.
Theorem 2.13 ([BKZ12, Theorems A and B]). For every transcendental entire or meromorphic map f in the class S and every t > 0 the topological pressure P (f, t) = P (f, t, z 0 ) exists (possibly equal to +∞) and is independent of z 0 ∈ C up to an exceptional set of Hausdorff dimension zero (consisting of points quickly approximated by the forward orbits of singular values of f ). We have
where P hyp (f, t) is the supremum of the pressures P (f | X , t) over all transitive isolated conformal repellers X ⊂ J(f ). The function t → P (f, t) is non-increasing and convex when it is finite and satisfies P (f, 2) ≤ 0. The following version of Bowen's formula holds:
Moreover, analogous results hold for every non-exceptional transcendental entire or meromorphic map f in the class B, such that J(f )\P(f ) = ∅ (in particular, for every hyperbolic map) and z in J(f ) \ P(f ), which is an open dense subset of J(f ).
If f is hyperbolic, then P (f, t) > 0 (possibly equal to +∞) for every 0 < t < t 0 and P (f, t) < 0 for every t > t 0 .
We refer to the points z 0 from Theorem 2.13 as to GPS points (good pressure starting points).
Following [BKZ12] , we denote
for a set A ⊂ C and n > 0.
Introductory results
In this section we present some results concerning the properties of the radial Julia set, conformal measures and topological pressure. Note that some facts are not used in the subsequent sections but are of independent interest. In all results of this section we assume that f is a transcendental meromorphic map on the complex plane.
The first two propositions study properties of the radial Julia set J r (f ) and the set of non-escaping points in the Julia set.
Proposition 3.1.
(a) If f has a finite number of poles, then
. To show (a), assume that f has a finite number of poles and suppose that z ∈ J r (f )∩I(f ). Then there exists a sequence n k → ∞ and r > 0, such that the branch
, r/2) for large k, which implies that g k is defined on D(∞, r/2), sending ∞ to some pole p k of f . Since the number of poles is finite, passing to a subsequence we can assume that p k ≡ p.
is in a small neighbourhood of the pole p for all large k, which contradicts z ∈ I(f ).
To prove (b), suppose that f is hyperbolic and take z ∈ J(f ) \ (I(f ) ∪ ∞ n=1 f −n (∞)). Then there exist a sequence n k → ∞ and R > 0, such that |f n k (z)| < R for all k.
By the definition of hyperbolicity and the fact that the spherical and Euclidean metric are comparable on compact sets in C we conclude that there exists r > 0 such that D(f n k (z), r) ∩ P(f ) = ∅ for all k, which gives z ∈ J r (f ). Proof. To prove the assertion (a), suppose the 2-dimensional Lebesgue measure of J r (f ) is positive and take a density point z ∈ J r (f ). Then there exists a sequence n k → ∞ and r > 0, such that the branch
contains the set Sing(f ) ∪ {∞}, which has at least two elements and hence positive spherical diameter. Therefore, by Theorem 2.7, the distortion of g k on D k is bounded by a constant independent of k. Since z ∈ J(f ), a standard normality argument (see e.g. the proof of [BKZ12, Lemma 3.12]) gives
As J(f ) has empty interior, there exists an ε > 0, such that every spherical disc of radius r/2 contains a spherical disc of radius ε, which is disjoint from J(f ). Consequently, by the bounded distortion of g k on D k and since the spherical and Euclidean metric are comparable on compact sets in C, the disc D(z, d k ) contains a disc of radius cd k disjoint from J(f ) (in particular, from J r (f )), for some fixed c > 0. Since d k → 0, this contradicts the fact that z is the density point of J r (f ) and proves (a).
To proof the assertion (b), it is enough to use (a) and Proposition 3.1.
The next proposition describes some properties of conformal measures.
Proposition 3.3. If m t is a t-conformal measure for some meromorphic map f and t > 0, then either ν is positive on open sets in J(f ) or m t is supported on the set of (at most two) Picard exceptional values of f .
Proof. Let z ∈ J(f ) and B = D(z, r) for some r > 0. We consider separately two cases. First, assume that all iterates f n are defined in B. Since the family {f n | B } n>0 is not normal, the union n>0 f n (B) covers the whole sphere C with at most two points {p 1 , p 2 } excluded. If m t (B) = 0 then m t (f n (B)) = 0 for every n > 0. This fact follows easily from the formula (3) and from the fact that the disc B can be divided into a finite union of Borel subsets on which the map f n is injective. In the second case, f n (B) contains some pole of the function f , so f n+1 (B) contains a neighbourhood of ∞. By Picard's/Nevanlinna Theorem applied for the meromorphic function f , it assumes every value, with possibly two exceptions p 1 , p 2 ∈ C, infinitely many times in every neighbourhood of ∞. This implies that f n+2 (B) ⊃ C \ {p 1 , p 2 }. In both cases we conclude that the measure ν would be supported on at most two points p 1 , p 2 ∈ C. Again by (3), the set {p 1 , p 2 } would be backward invariant. Hence, either f (p 1 ) = p 1 and p 1 has no other preimages or f 2 (p 2 ) = f (p 1 ) = p 2 and, again, these points have no other preimages. Therefore, the measure m t would be supported on the set of (at most two) exceptional values of f .
In fact, the second alternative can occur, as noted in the following example. Proposition 3.5. Let f satisfy the assumptions of Theorem 2.13. Then for every t > 0, every GPS point z 0 and sufficiently large r > 0 we have
Proof. It follows from [BKZ12] that
However, by Lemma 5.4 (proved in Section 5), we have
for sufficiently large r and a constant c > 0. Hence, lim sup in the formula (5) is the same for r and 2r. Since it is non-decreasing with r, this implies that it is actually constant for large r, which ends the proof.
The next result describes the alternative related to the existence of a zero of the pressure function.
Proposition 3.6. Let f satisfy the assumptions of Theorem 2.13 and let
Then one of the three possibilities occurs:
Proof. Suppose P (f, t ∞ ) = +∞. By Theorem 2.13, sup X P (f | X , t ∞ ) = ∞, where sup is taken over all compact repellers X ⊂ J(f ). Since the pressure function P (f | X , t) is finite and continuous for all t ≥ 0 (see e.g. [PU10] ), this implies lim t→t
Other assertions of the proposition follows easily form the fact that the function t → P (f, t) is non-increasing and convex (and hence continuous) for t ∈ (t ∞ , +∞) and P (f, 2) ≤ 0 (see Theorem 2.13). 
Proof of Theorem B
Case (a)
Assume that f ∈ S and take a t-conformal measure m t on J(f ), with respect to the spherical metric and some t > 0. Let
where we denote D(X, r) = {z ∈ C : dist sph (z, x) < r for some x ∈ X},
By definition, E ⊂ P(f ) ∪ {∞} and it is easily seen that the Hausdorff dimension of E equals 0. Let
forms an increasing sequence of sets, and
By the definition of A k , the spherical area of
which tends 0 as k → ∞. Hence, for large k the set A k has positive area and, in particular, there exists a GPS point z 0 ∈ A k . Again by the definition of A k , for every z ∈ A k all branches of f −n , n ≥ k are defined on D(z, e − √ n ). Moreover, for every n ≥ k there exists at most countable partition {A
By Theorem 2.7, the distortion of all branches of f −n on A (n) k,j is bounded by a constant independent of n. This and the t-conformality of m t imply
for some C > 0 independent of k, n, j. Using the definition of A k and [Prz99, Lemma 3.1], we show that there exists c > 0 such that
for every n ≥ k and every set A To prove the first assertion of the theorem, suppose that m t is not supported on E. Then
for some k. Since (A k ) k is increasing, this holds for every sufficiently large k. Hence, by (6) and (7), we obtain
This implies
for every n ≥ k, which gives P (t, f ) ≤ 0 and ends the proof of the first assertion.
To prove the second assertion, suppose P (t, f ) < 0. Then
for some δ > 0 and every sufficiently large n. Using again (6) and (7), we obtain, similarly as previously, for sufficiently large n,
This shows that for sufficiently large k, the series n m t (f −n (A k )) is converging, so by the Borel-Cantelli Lemma, for m t -almost every z there exists m 0 = m 0 (z) such that
This implies that for m t -almost every point z ∈ C, for every large k there exists m 0 such that for every m ≥ m 0 we have
k for some ζ m ∈ P(f ) ∪ {∞}. This proves the second assertion of (a).
Case (b)
Assume now f ∈ B is non-exceptional and J(f ) \ P(f ) = ∅. The proof is analogous to the one in case (a). Take an open spherical disc D = D(z 0 , r) for a small r > 0, such that D(z 0 , 2r) ∩ (P(f ) ∪ {∞}) = ∅. Then all branches of f −n , n > 0 are defined on D, in particular z 0 is a GPS point. By Theorem 2.7, the distortion of the branches is universally bounded. This together with the t-conformality of m t gives
Since, by Proposition 3.3, m t is not supported on P(f ), there exists a disc D = D(z 0 , r) as above with m t (D) > 0, so (8) gives
for every n, which implies P (f, t) ≤ 0. This proves the first assertion.
Suppose now P (f, t) < 0. Then there exists δ > 0, such that
for every disc D as above. Again, by the Borel-Cantelli Lemma, for m t -almost every z there exists n 0 such that f n (z) ∈ C \ D for all n ≥ n 0 . Since for every ε > 0 the set C \ D(P(f ) ∪ {∞}, ε) can be covered by a finite number of discs D as above, we conclude that for m t -almost every point z ∈ C we have f n (z) → P(f ) ∪ {∞} as n → ∞. This ends the proof of the second assertion of (b).
5. Construction of a conformal measure -proof of Theorem C Throughout this section, we assume that f is a map from class S with a logarithmic tract over ∞ or a (non-exceptional) map from class B, with a logarithmic tract over ∞ and J(f ) \ P(f ) = ∅.
To prove Theorem C, we need the following lemmas. Fix t > 0.
Lemma 5.1. There exist c 1 , c 2 , r 0 > 0 such that for every for every z ∈ C with |z| ≥ r 0 ,
Proof. By assumption, f has a logarithmic tract U over ∞. Fix w ∈ C of large modulus and let g be a branch of f −1 defined in a neighbourhood of v leading to U. Take an arbitrary point z with |z| > |w|. By Lemma 2.11, applied for z 1 = z, z 2 = w, we have
for some extension of the branch g, where c is a constant depending only on w. Similarly, by Lemma 2.10, there exists a constant c 2 > 0, such that
if |z| is sufficiently large. We conclude that
Corollary 5.2. There exist c, r 0 > 0 such that for every for every z ∈ C with |z| ≥ r 0 ,
Lemma 5.3. Let z 0 ∈ J(f ) be a GPS point. Then there exist c, k 0 > 0 such that for every n ≥ 1 there holds
Proof. By Corollary 5.2 and the fact that the function x → x t /(ln x) 3t is increasing for large x > 0, for sufficiently large k 0 we obtain
Using more detailed estimates provided by Lemma 5.1 instead of Corollary 5.2, we obtain the following, slightly more delicate result, which is needed in the proof of Proposition 3.5.
Lemma 5.4. Let z 0 ∈ J(f ) be a GPS point. Then there existc 1 ,c 2 , r 0 > 0 such that for every r > r 0 and n ≥ 1 there holds
Proof. Analogously as in the proof of Lemma 5.3, using Lemma 5.1 and the monotonicity of x → x t /(ln x) 3t for large x > 0, we obtain
for sufficiently large r.
Assume that there exists t > 0 such that P (f, t) = 0 and fix this value of t from now on. As in [DU91c, MU08] , we consider the probability measures
where s > 0, z 0 ∈ J(f ) is a GPS point, b n is a sequence of positive real numbers (independent of s), δ w denotes the Dirac measure at w, and
b n e −ns S n (t, z 0 ).
Note that we can choose a GPS point z 0 ∈ J(f ), since the Hausdorff dimension of J(f ) is always positive (see [Sta94] ). Since .
To end the proof, note that
Proposition 5.6. There exists a constant c > 0 such that for every 0 < s < 1,
The above proposition ends the proof of Theorem C. We complete the paper by the following observation considering the case t = 2.
Proposition 5.10. Suppose P (f, 2) = 0 and let m 2 be the measure constructed in the proof of Theorem C. Then the following hold. In view of these, using the 2-conformality of m 2 and Leb 2 (with respect to the spherical metric) together with the bounded distortion of g k and the comparability of the spherical and Euclidean metric on compact sets in C, we obtain
for some constants c 3 , c 4 independent of k, which shows (10) and ends the proof of (a). The assertion (b) follows immediately from (a) and Proposition 3.1.
